A method is proposed for the construction of a square pixel complex spatial light modulator (SLM) from a commercial oblong full-high-definition (full-HD) amplitude SLM using an anamorphic optical filter. In the proposed scheme, one half-band of the optical Fourier transform of the amplitude-only spatial light field is rejected in the optical Fourier plane and the other half-band is reformatted to be an effective complex SLM with square pixels. This has an advantage in the viewing window plane since the shape of the viewing window becomes square and more ideal for observers who watch the hologram contents through it. For optimal transformation, the amplitude computer generated hologram encoding scheme was developed. Mathematical modeling of the proposed system is described herein, and it was experimentally demonstrated that the effective complex SLM displays complex holographic three-dimensional images with a clear depth discrimination effect.
Introduction
An optical wave field is generally characterized by two independent variables at a given point, i.e., the phase and amplitude. Theoretically, complex spatial light modulators (SLMs) can generate perfect optical wave fields with controlled amplitudes and phases. However, in practice, such a complex SLM has not yet been reported and most available SLMs are designed to be in the form of amplitude-only or phase-only SLMs with only one degree of freedom.
Complex SLMs may be essential for the development of various wave optic applications such as holographic tomography, microscopy, turbid medium power transfer, and holographic display. Complex SLMs are particularly crucial for advancing holographic three-dimensional (3D) display technology [1] . Unlike other 3D display technologies, holographic 3D display technology creates the complete wave field containing both phase and amplitude information. Consequently, the holographic 3D display is considered to be the ultimate form of 3D display. It is expected that holographic 3D display using complex SLMs will be able to provide the most natural 3D images with features such as a continuous parallax, the accommodation effect, and, in particular, a low optical noise level.
Holographic 3D displays and associated hologram encoding schemes have been actively researched [2] [3] [4] [5] [6] [7] [8] . In practice, it is difficult to modulate complex optical fields; therefore, indirect complex field encoding methods have been actively investigated to make so called macro-pixel structures. There has been research on binary amplitude encoding [9] , detour phase encoding [10, 11] , double phase hologram (DPH) encoding [12, 13] , and single-sideband holography [14] . When a complex hologram is encoded on an SLM according to the single-sideband holography method, the bandwidth of the hologram needs to be limited to within half of the Nyquist frequency in order to separate the signal from its conjugate. Similar off-axis hologram encoding concepts have been studied. However, as will be elucidated further in this paper, the nonsquare pixels produced by macro-pixel schemes cause different horizontal and vertical resolutions.
In this paper, we consider the practical problem of synthesizing an effective complex SLM with square pixels using conventional full-high-definition (full-HD) amplitude-type SLMs. Composite complex fields were generated through the amplitude-type computer generated hologram (CGH) encoding method by the formation of macro-pixels from two adjacent amplitude pixels. The fields were then analyzed in terms of wave optics. The process requires a thorough understanding of the principles behind the formation of effective complex modulation pixels. An anamorphic optical transformation system with a Fourier optical filter is proposed, which transforms an amplitude SLM into an effective complex SLM with square pixels, i.e., pixels of equal horizontal and vertical dimensions. Such square pixel complex SLMs are useful in practice for generating full-parallax holographic images featuring the same viewing angles along the x axial and y axial directions. This is meaningful since this ratio determines the shape of the viewing window through which the observer watches holographic 3D images. The proposed system was verified through experimental reconstruction of holographic 3D images and demonstrates both the depth-discrimination effect, i.e., accommodation effect, and anamorphic optical transformation.
Complex Encoding on the Amplitude-Only Spatial Light Modulator
Optical waves have complex information with real and imaginary terms, or alternatively amplitude and phase. Therefore, in order to reconstruct complex optical waves perfectly, two independent variables are required for each given point. The theoretically simplest solution is to build a complex modulator with two control parameters for each pixel. However, in practice, most SLMs are designed for commercial display devices such as LCD and liquid crystal on silicon (LCoS) displays. The manufacture of such a specialized complex modulation device from scratch may be unfeasible. Therefore, we take a different approach using a macro-pixel structure that groups two adjacent pixels. This encoding scheme is applied to the amplitude SLM panel and then the total optical transmittance function of the amplitude SLM can be represented as
The optical field with modulated amplitude is transferred by a singlet of focal length f , then the optical Fourier transform is obtained at the focal plane of the singlet as shown in Fig. 1 . The transmittance function Eq. (1a) is written in the form of the sum of the real number amplitude modulation and the zeroth-order diffracted light (DC) term as 
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The transmittance function, Tx, has an angular spectrum, Fk x , obtained by [15] 
The internal part of Eq. (2a) can be manipulated as follows:
Then, by substituting Eq. (2b) into Eq. (2a), we obtain the angular spectrum Fk x :
The angular spectrum Eq. (2c) analyzes the optical information of the amplitude-only SLM through three terms: the signal term (the first term), the conjugate term (the second term), and the DC term (the third term) given, respectively, by
Separating the signal from Eq. (2c) requires several conditions to be met. First, the separability of the noise terms from the signal is affected by the parameters k c and M. Let us consider the effect of M. As M increases, the main lobe width of the DC term, F DC k x , is squeezed into a very narrow region around k x 0 and, simultaneously, the intensity of the sidelobes distributed throughout the whole region reduces. For large M, the side-lobes are negligible and most of the energy is focused around k x 0. Therefore, this DC component can be easily removed by using a simple bandpass Fourier filter [15] . However, if we consider an extreme case of M 0, meaning that the SLM is just composed of two pixels, i.e., one macro-pixel, then the DC component broadens in the k x space and cannot be simply separated from the signal term. Thus, the encoding scheme is conditional on having a large M. From the first and second terms, the ratio of the signal to the conjugate term is identified by signal:conjugate cos
In the case of k c k x Δx π, the weight of the conjugate noise becomes zero. If we set k x π∕2Δx as the conjugate-free position, the carrier frequency k c is obtained by k c π∕2Δx. The weight of the conjugate term is nonzero when k x ≠ π∕2Δx, meaning that the conjugate term is mixed with the signal across the whole plane.
The second condition is that, as represented by Fig. 2(b) , the signal A m expjϕ m should be bandlimited to minimize contamination by the conjugate term. Regardless of the weighting ratio of Eq. (3), the signal and conjugate terms are designed to be bandlimited and restricted in the single-side band. This concept has been used in off-axis holography and digital holography. The band-limited signal design is intuitively summarized for a simple one-dimensional case in Fig. 2 . Figure 2(a) shows the magnitude distribution of the spatial frequency spectrum, G 0 k x . First of all, the frequency spectrum should be properly shifted with carrier frequency k c π∕2Δx. Then, as shown in Fig. 2(b) , the frequency band of the signal is selected from between 0 and k x;max to avoid aliasing in the next step. Next, the real part of the wave signal in Fig. 2(b) is chosen by adding its conjugate. As can be seen from Fig. 2(c) , the frequency spectrum of the real-valued signal is symmetric with respect to f 0. Lastly, the appropriate DC offset is added to generate non-negative signal values as can be seen in Fig. 2(d) . The resulting encoded hologram can be directly inserted into the amplitude SLM.
The mentioned band-limited signal design coincides with the amplitude encoding scheme described in Eq. (1a). In the transformation process, the DC and conjugate components of the encoded hologram can be eliminated without deteriorating the signal term by filtering in the Fourier domain. Additionally, we need to address the term Δx sinck x Δx∕2π in Eqs. (3a) and (3b), which defines the pixel apodization. The signal is band-limited to 0 ≤ k x ≤ π∕Δx. The filtering causes pixel broadening. The transmittance function of the effective complex SLM is the inverse Fourier transform of the filtered angular spectrum confined to the range 0 ≤ k x ≤ π∕Δx. The resulting modulation profile is represented by
The integral in Eq. (5) depicts the apodization profile of the complex modulation pixel positioned at x 2mΔx. The pixel profile of the amplitude SLM is a rectangular function of width Δx. The optical filtering process not only broadens the pixel width but also imposes the apodization profile onto the pixel. The single-side band filtering step produces pixel apodization of width 2Δx. The pixel apodization of the complex SLM is compared with that of the amplitude SLM in Fig. 3(a) . Consequently, the effective complex modulation function of Eq. (5) is schematically represented in Fig. 3(b) . The complex modulation pixel is simply depicted as a rectangular pixel of width 2Δx with complex modulation A m expjϕ m as shown in Fig. 3(b) . Thus far, a simple and clear explanation of the encoding method for a complex hologram has been given and its corresponding mathematical model has been described.
Reconstruction of Amplitude Hologram Encoding of the Full-HD CGH with an Anamorphic Fourier Filter
The basic system for converting a two-dimensional (2D) amplitude SLM to a 2D complex SLM is the 4f symmetric optical system shown in Fig. 4 . Two pixels in the horizontal direction (x axis) are combined as a macro-pixel and the signal filtering using a halfbandpass filter occurs at the Fourier filter plane. Higher order diffraction as well as the DC and conjugate terms are filtered out to synthesize the complex SLM.
In practice, this optical transformation poses an engineering problem in that the SLM of full-HD resolution (1920 × 1080) and with square pixels has an inevitable oblong rectangular panel. In Fig. 4 , the resolutions and active areas of the complex and amplitude SLMs are compared. Since the 4f symmetric imaging system has the same magnification along the x-and y-directions, the area of the active region does not change. The Fourier filter inserted into the intermediate Fourier plane that restricts the passband to a half-plane in the x-direction increases the x-directional pixel size to 2Δx. This half-band filtering creates a rectangular rather than square pixel as shown in Fig. 4 .
Our main concern in this section is the optical formation of a complex SLM with a square rather than rectangular pixels. Forming square pixels with the complex SLM is important practically because it allows for the generation of full-parallax holographic images with the same viewing angles in the x-and y-axial directions. The oblong pixel shape would cause the viewing angle along the vertical axis to be two times wider than that along the horizontal axis. An optical transformation to create square pixels is feasible using an anamorphic system with a Fourier filter as illustrated in 
The total transfer matrix of the system is the product of the anamorphic Fourier transform matrix and the symmetric Fourier transform matrix of focal length f 2 given by The system of T f 2 · T f 1 is the anamorphic imaging system with x-and y-directional magnification ratios of −f 2 ∕2f 1 and −f 2 ∕f 1 , respectively. The horizontal magnification is contracted to half width. The imaging characteristic is illustrated in Fig. 5 . For a full-HD amplitude SLM, the resulting complex SLM has a resolution of 960 × 1080 and square pixels. For this system, the carrier wave in the amplitude encoding should be directed along the horizontal direction. Then, in the Fourier plane, the signal and conjugate parts are split along the horizontal direction. The SLMs with square pixels like the ones created by this scheme allow for a symmetric viewing angle in table-top holographic displays.
Experimental Results
The amplitude hologram encoding method is experimentally inspected by optical reconstruction of the resulting holographic images. Through the optical reconstruction of holographic images, the effective square pixel complex SLM constructed by the anamorphic transformation can be compared to the complex rectangular pixel SLM. The experimental setup is schematically depicted in Fig. 6(a) . The system has two parts. The first part is the SLM module. To test the method put forward in this paper, the experiment compares complex SLMs created by the conventional system and the proposed anamorphic system. The second part is the projection imaging module, which has two parabolic mirrors resembling the 4f system. The diameter of each mirror is 10 in. and the focal length is 50 in. The SLM is projected on the first parabolic mirror. It is notable that at the second parabolic mirror, the modulated wave is imaged and acts as an enlarged hologram. This design has the benefit of reducing the geometric aberration even for small tilts of the optics. In this way, the performance of the holographic imaging system can be demonstrated by experiment.
The fundamental design concept of this holographic projection display system originates from the system proposed by Leister et al. [8] . They proposed the projection-type system to make a holographic display with a large screen size. The diffracted light from the screen converges to a point and there the viewing window is formed.
In the setup shown in Fig. 6(b) , we use two large aperture concave parabolic mirrors to separate the functions. One is imaging the hologram from the SLM plane and the other collects the diffracted wave to a point on the viewing window plane. This modification has the benefit of decreasing the aberration caused by the parabolic mirrors. The second reflection makes the wave converge to the viewing window. An Epson L3C07U-8x LCD module that has 1920 × 1080 pixels with a pixel pitch of 8.5 μm is used as a light modulation device. A He-Ne laser with a wavelength of 543 nm is used as a coherent light source. The laser light generated from the source is collimated by pinhole collimation. Next, the collimated light passes through the SLM and Fourier lenses in turn. It is then reflected from the first parabolic mirror into a second parabolic mirror of almost identical width. After being reflected by the second mirror, the object wave converges toward the focal region where there is a narrow viewing window.
In the first experiment, we inspected the validity of the CGH encoding scheme. The experimental observation of a CGH 3D image [16, 17] through a symmetric 4f filter is presented as shown in Fig. 7 . The target image with depth information denoted in yellow and hologram pattern on the amplitude SLM are shown in Figs. 7(a) and 7(b), respectively. At each corner, small flower-shaped patterns are placed and the corresponding layer is located on the second mirror. The emblems including "KNU" and "3 Dimensional Optical Technology" are positioned at 1000 and 500 mm in front of the mirror, respectively, because the depth-discrimination effect is the main concern of this experiment. The accommodation effect was demonstrated at three different focuses including 0, 500, and 1000 mm. The labels on the right side of each figure indicate the physical distances. The captured images show the depth-discrimination effect clearly. Therefore, these results are consistent with our predictions, and consequently, the encoding method described in Section 2 is verified.
In the second experiment, the anamorphic transformation system generating an effective square pixel SLM was implemented and compared with the symmetric 4f system. In this case, for experimental convenience, we prepared a slightly modified version of, but equivalent optical setup to, the setup shown in Fig. 5. Figures 8(a) and 8(b) show a photograph and schematic of the alternative experimental setup, which is composed of three cylindrical lenses with focal lengths of f 1 500 mm, f 3 150 mm, and f 4 130 mm, and a spherical lens with a focal length of f 2 500 mm; the distances between the optical elements are set to d 1 33.2 mm, d 2 104.5 mm, d 3 112.7 mm, and d 4 108.1 mm, respectively. Hence, the effective focal length in the x axis becomes two times bigger than that in the y axis. The fourth lens at the focal plane is chosen to make the diverging phases in the x axis and y axis equal to each other. So the optical function of the system coincides with the one shown in Fig. 5 .
By use of the anamorphic optical transformation, the shape of the pixel is defined as a square. Through comparisons, there is an advantage of the rectangular shaped pixel. The shape of the viewing window also becomes a square because the viewing window is located at the focal point. The square shape is more appropriate for covering the iris of the eye.
Amplitude CGHs were generated that contained two 3D bunny models accompanied by letters and separated from each other by depth. Figure 9 shows a comparison of the optical reconstructions of the symmetric 4f system and those of the anamorphic system. In both upper figures, the left object and letters are in focus and the right object and letters are out of focus. Conversely, in both lower figures, the right object and letters are in focus. In the optical reconstruction, there is intrinsic speckle noise but nevertheless the result shown in Fig. 9(b) demonstrates that the anamorphic optical transformation of the wide-screen amplitude SLM to a square pixel complex SLM has been successful. It was confirmed that the pixel shape is square. The horizontal magnification ratio is half of the vertical one. The holographic imaging effects are well preserved. In practice, the number of the optical components used to construct the anamorphic system is more than that of the symmetric optical system. Thus, the additional aberration, surface scattering, and undesired reflections degrade the image quality.
Conclusion
In conclusion, we have analyzed various theoretical aspects of amplitude CGH encoding associated with the amplitude macro-pixel structure and proposed a design for an optical system that transforms an amplitude SLM to an effective complex SLM with square pixels. It was experimentally demonstrated that the amplitude CGH encoding scheme produces low noise holographic 3D images with a clear depthdiscrimination effect and that the formation of a square pixel complex SLM can be achieved through an anamorphic optical filter, which can generate full-parallax holographic images with symmetric vertical-horizontal viewing angles. 
